Zeilberger's celebrated algorithm finds pure recurrence relations (w.r.t. a single variable) for hypergeometric sums automatically. However, in the theory of orthogonal polynomials and special functions, contiguous relations w.r.t. several variables exist in abundance. We modify Zeilberger's algorithm to generate unknown contiguous relations that are necessary to obtain inner bounds for the extreme zeros of orthogonal polynomial sequences with 3 F 2 hypergeometric representations. Using this method, we improve previously obtained upper bounds for the smallest and lower bounds for the largest zeros of the Hahn polynomials and we identify inner bounds for the extreme zeros of the Continuous Hahn and Continuous Dual Hahn polynomials. Numerical examples are provided to illustrate the quality of the new bounds. Without the use of computer algebra such results are not accessible. We expect our algorithm to be useful to compute useful and new contiguous relations for other hypergeometric functions.
Introduction
A sequence of real polynomials {p n } ∞ n=0 , where p n is of exact degree n, is orthogonal with respect to a positive measure μ(x) > 0 on an interval (a, b), if the scalar product The aim of this paper is to find an upper bound for the smallest and a lower bound for the largest zero of the following families of orthogonal polynomials [1] : • Continuous Dual Hahn polynomials: continuous weight Here, 
denotes the hypergeometric series and (a) k = a(a + 1) · · · (a + k − 1) denotes the shifted factorial (Pochhammer symbol), as usual. If {p n } ∞ n=0 is a sequence of monic orthogonal polynomials with zeros x n,1 < x n,2 < · · · < x n,n , then it satisfies a three-term recurrence relation 
from which another (trivial) inner bound for the extreme zeros of p n can be deduced:
In order to find more precise inner bounds for the extreme zeros of a polynomial in an orthogonal sequence, the study of completed Stieltjes interlacing of zeros of different orthogonal sequences, where the different sequences are obtained by integer shifts of the parameters of the appropriate polynomials, can be helpful. This was done for the Gegenbauer, Laguerre and Jacobi polynomials in [4] , the Meixner and Krawtchouk polynomials in [5] and the Pseudo-Jacobi polynomials in [6] . Mixed three-term recurrence relations satisfied by the polynomials under consideration and obtained from the connection between the appropriate polynomials, their hypergeometric representations, as well as contiguous function relations satisfied by these polynomials, are used to obtain these bounds and a Maple computer package [7] for computing contiguous relations of exclusively 2 F 1 series is helpful in this regard.
Different Maple routines, however, are necessary to obtain similar identities for polynomial sequences that lie on the 3 F 2 and 4 F 3 planes of the Askey scheme. Zeilberger [8] developed a powerful method for proving identities for hypergeometric series and we apply Zeilberger's algorithm (command sumrecursion of the Maple package hsum.mpl accompanying [9] ) to generate the three-term recurrences of the 3 F 2 hypergeometric families under consideration. Variations of Zeilberger's algorithm were given by Chen et al. [10] and Koepf [11] . Some of the recurrences obtained are very complicated and for this reason we do not consider the 4 F 3 families (Wilson and Racah polynomials) in this paper. However, in principal the method can be extended to the 4 F 3 case which will be considered in a forthcoming paper. For a recent study on the properties of the zeros of these polynomials, we refer the reader to [12] .
Zeilberger's algorithm is much more flexible as was shown by examples in [9] . Similarly as the commands sumdiffeq [9, Session 10.5] and sumdiffrule [9, Session 10.7] are variations of sumrecursion, by changing the setting in the computation, one can write Maple routines to compute the identities necessary to obtain our results. We also refer the reader to [13] where an application of Zeilberger's algorithm is used to find three-term recurrence equations for Hahn polynomials and other discrete orthogonal families.
In this paper, we provide inner bounds for the extreme zeros of different sequences of the Hahn, continuous Hahn and continuous dual Hahn polynomials. In the Hahn case, we compare the quality of our newly found bounds with results obtained in [14] . An intensive study on the location of the zeros of the Hahn polynomials is made in [15] and lower (upper) bounds for the smallest (largest) zeros of Hahn polynomials are provided in [14, 16] . The monotonicity of the zeros of Hahn polynomials with respect to α and β, as determined by Markov's monotonicity theorem (cf. [17] ), is useful and is, together with the monotonicity of the zeros with respect to N (cf. [15] ), clearly illustrated in our tables. No previous results on inner bounds for the extreme zeros of the Continuous Hahn and Continuous Dual Hahn polynomials are known. The weight function of the Continuous Dual Hahn polynomials is even and monotonicity properties of all the zeros of orthogonal polynomials associated with an even weight function is discussed in [18] . Recently in [19] , upper and lower bounds for the zeros of Gram polynomials are provided in terms of the zeros of Legendre polynomials.
The following result provides the conditions necessary for the mixed three-term recurrence relations to hold and will be used to prove our results.
Theorem 1.1 ([5]): Let {p n } ∞ n=0 be a sequence of polynomials orthogonal on the (finite or infinite) interval (a, b) with respect to dμ(x)
is a sequence of polynomials orthogonal with respect to
interlace with the zeros of p n and B n is an upper bound for the smallest, as well as a lower bound for the largest zero of p n if g n−2,k and p n are co-prime; (iii) if g n−2,k and p n are not co-prime,
(a) they have one common zero that is equal to B n and this common zero cannot be the largest or smallest zero of p n ; (b) the n−2 zeros of g n−2,k (x) interlace with the n−1 non-common zeros of p n ; (c) B n is an upper bound for the smallest as well as a lower bound for the largest zero of p n .
All relevant contiguous relations that we need in the next sections were computed automatically using the Maple package hsum.mpl accompanying [9] and procedures that are specifically adapted for each family using the corresponding hypergeometric representation. These computations with their complete computations and results, that build the heart of our approach, can be downloaded from http://www.mathematik.uni-kassel.de/ ∼ koepf/Publikationen. In the given article, however, we have only included the necessary bounds deduced from the much more complicated contiguous relations since the full relations do not contribute to our results. The computations of the zeros in our tables can also be found in the above-mentioned Maple file.
Inner bounds for the extreme zeros of Hahn polynomials
We refer the reader to [20] for more information on discrete orthogonal polynomials and the difference equations they satisfy. For α, β > −1, the parameter shifted Hahn polynomials Q n (x; α + k, β + m, N) are orthogonal at the points x ∈ {0, 1, 2, . . . , N} with respect to
and together with Q n (x; α, β, N), they satisfy the mixed three-term recurrence relations , k + m ∈ {0, 1, 2, 3, 4}, is an upper bound for the smallest as well as a lower bound for the largest zero of Q n (x; α, β, N). Moreover, the relations that involve the largest possible parameter difference, are found to be particularly useful to obtain sharp bounds.
When k = 2 and m = 0, we obtain the equation
where
3)
The weight function w satisfies the symmetry property w(α, β, x) = w(β, α, N − x) from which the symmetry relation [21] 
can be proved and we can deduce that if x is a zero of Q n (x; α, β, N), then N−x will be a zero of Q n (x; β, α, N). Likewise, the extra interlacing points obtained from the mixed threeterm recurrence relations satisfied by Q n (x; α, β, N), Q n−1 (x; α, β, N) and
for all values of k and m in N 0 such that k + m ∈ {0, 1, 2, 3, 4}. Thus, from (2.3) and (2.4) we obtain the bound
We note that
for α, β > −1 and n ∈ {1, 2, . . . , N}. Moreover, from [17, Theorem 7.1.1] it follows that the zeros of the Hahn polynomials increase with α and decrease with β and it is clear that
for all values of α, β > −1 and n ∈ {1, 2, . . . , N}. However, the point B α+4,β n (B α,β+4 n ) will be a more precise upper (lower) bound for the smallest (largest) zero of Q n (x; α, β, N) obtained by this method. Because of the complexity of the relations from which the latter two bounds can be found, we do not include them in this paper, but they can be downloaded from http://www.mathematik.uni-kassel.de/ ∼ koepf/Publikationen. In order to show the accuracy of these bounds, we include them in our examples:
and B α,β+4 n can be obtained from (2.4).
In [14, Lemma 9] , the following inner bounds for the extreme zeros of the Hahn polynomials are provided for α β > −1 or α β −N − 1:
In Tables 1-4 we compare these bounds, together with the bounds obtained from relations (2.3) and (2.4), and the bound in (2.6), to the actual values of the extreme zeros. In each case, the more precise bound is printed in bold. The precise zeros were computed using Maple with up to 100 digits numerical precision. 
which is the inner bound obtained for the extreme zeros of the Meixner polynomial M n (x, b; c) by shifting b by two units, using the same method [5, Theorem 3.1].
Inner bounds for extreme zeros of continuous Hahn polynomials
Let n ∈ N 0 . The continuous Hahn polynomials are orthogonal on R if the real parts of a,b,c and d are positive and c =ā, d =b, and these conditions force us to simultaneously shift both parameters a and c, as well as b and d. We will denote the real and imaginary parts of z by Re(z) and Im(z) respectively. The parameter shifted polynomial
, which is orthogonal on R with respect to
together with the polynomial p n (x; a, b, c, d ), satisfy the mixed three-term recurrence relations
where a k+m−2 (x) is a polynomial of degree k+m−2 when k + m ∈ {2, 3, . . .}, and a 0 , a 1 , d n and B n (k, m) are constants. From Theorem 1.1 we deduce that each point B n (k, m) such that k + m ∈ {0, 1, 2, 3, 4} will be an upper (lower) bound for the smallest (largest) zero of p n (x; a, b, c, d ).
The mixed three-term recurrence relations that involve parameter shifts a+1,c+1 and b+1,d+1, are given here:
and
and the bounds are given by
From Theorem 1.1 we know that the points B n (1, 0) and B n (0, 1), obtained from (3.1) and (3.2), respectively, are both upper (lower) bounds for the smallest (largest) zero of P n (x; a, b, c, d ). Furthermore, we observe that In Table 5 we show the quality of these bounds, together with bounds obtained by the parameter shifts a+2, c+2 and b+2, d+2, which are, in fact, more precise bounds and can be obtained in the same manner as shown above. The recurrence equation providing the bound
is much more complicated and can be downloaded from http://www.mathematik.unikassel.de/ ∼ koepf/Publikationen. Because of time and memory constraints, Maple cannot provide the recurrence equation with the bound 6) but this can be found by using a symmetry argument. (2, 0) are the bounds in (3.5), (3.4), (3.3) and (3.6) respectively.
Inner bounds for the extreme zeros of continuous dual Hahn polynomials
The parameter shifted Continuous Dual Hahn polynomialsS n (x 2 ; a + k, b + l, c + m), are orthogonal in the interval (0; ∞) with respect to σ k,l,m (x 2 )w(x; a, b, c), where
and satisfy the mixed three-term recurrence relations
where a k+l+m−2 is a polynomial of degree k + l + m − 2 in x 2 when k + l + m ∈ {2, 3, . . .}, and a 0 , a 1 , d n and B n (k, l, m) are constants. From Theorem 1.1 we deduce that each point B n (k, l, m) such that k + l + m ∈ {0, 1, 2, 3, 4} will be an upper (lower) bound for the smallest (largest) zero ofS n (x 2 ; a, b, c).
The mixed three-term recurrence relations that provide us with relatively good upper bounds for the lowest zeros are those that involve a total parameter shift of four units, i.e. when we shift (1) one parameter by four units; (2) two of the parameters by two units each; (3) one parameter by three units and another one by one unit; (4) two parameters by one unit and the third one by two units.
Neither the weight function, nor the zeros of the polynomialS n (x 2 ; a, b, c) depend on the order in which the parameters a,b and c occur and shifting a by four units leads to exactly the same bound as shifting b or c by four units, provided that the parameter with the smallest numerical value is shifted. In order to illustrate the method used, we provide the mixed recurrence relations obtained when a is shifted by two units. obtained from the three-term recurrence relation satisfied by the Continuous Dual Hahn polynomials [1, Equation 9.3.4] , is in each case the best lower bound for the largest zero of these polynomials. It is clear that B n is an increasing function of n and therefore a more accurate lower bound for the largest zero ofS n (x 2 ; a, b, c) than the bound in (1.2). In Table 6 the best upper bound for the smallest zero obtained in each case is printed in bold. Furthermore, when only one parameter is shifted, we shift the smallest one and where two parameters are shifted, we shift the smallest parameters.
